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1. INTRODUCTION AND PRELIMINARIES

Let C|—1,1] denote the space of all continuous real-valued functions
defined on [—1, 1], with the norm || f'||, =max_, .., [f(x)|. Denote by I,
the subspace of C[—1, 1] consisting of all polynomials of degree at most n.
A projection of C[—1, 1] onto [T, is a bounded linear map P: C|—1,1| - 11,
such that Pu=u for all u € II,,. Let .7, be the family of all such projections.
Every P € .7, has the property

IS =Pf Nl < (1 +[[PI) EL(S) (L.1)

where E,(f) is the error of the best approximation of /by elements of I1,,. A
projection P with small || P|| will, therefore, provide a good approximation to
S It is known [8] that there exists P* €.7, such that ||P*| < ||P|| for all
P& .7,. Such a P* is called a minimal projection from the class .#°,.
Minimal projections for » > 2 remain unknown.

An important example of projection is the Fourier—Chebyshev operator S,
given by

n

Suf= Y alf] T, (1.2)

where

alf]= iJn Sf(cos ¢) cos kt dt,
7o (k=0,1,..).
T, (x) = cos(k arccos x)

The symbol 3’ denotes the sum with the first term halved. It is well-known
(see, e.g., [9]) that

1
2n+1

1 kn
tan

S|l = Vo .
IS = ok 2n+1
9

2 (1.3)
2 .
24
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The norm of S, increases with n rather slowly: ||.S, || < 3.14 for n < 100 {cf.
Table III; values of ||.S,| were taken from [9]). In view of (1.1), the
polynomial S, f is a near-best polynomial approximation to f by elements of
I1,. Tt was proved by Cheney and Rivlin [5] that S, is not a minimal
projection from .7, .

Let 2, = {xy,x,,...x,} be a prescribed set of m (m >n) pair-wise
different points of |1, 1]. Denote by & ,(£2,,) the subclass of .9°,, containing
projections carried by £2,,. Any projection belonging to this subclass has the
form [3]

Ff= f(xk)wk (Secl-11}]) (1.4)

H[/E

for appropriate wy, w,...., w,, € II,. The function

A,x) = |Wk(X)| (1.5)

:0
is called the Lebesgue function of the operator P. It is well-known that
1Pl =4, (1.6)
In this paper we discuss two special choices of carriers, namely

‘Q:nz{tm+1.l’tm+l.2""’ tm+l,m+l}’ (1-7)

where

Ccos y-1
me T w2

n =1,2,...m+1)

(zeros of the Chebyshev polynomial T, _,), and

‘Q,rln:{umﬂl.O’umAI.l""’um—l.m}’ (18)
where
um—l.j=COS% (i=01,..,m)

(extreme points of the Chebyshev polynomial T,,).
Class & ,(£2",) contains the operator /™ defined by

Iof= Y a1 (m>n), (1.9)
k=0
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where
m+1
W)= N Sl ) Teltmers) (=0, 1o m)
m+1 1:1 m+ 1, k\!*m+1,j

The operator J{™ such that

S = NEEMIAT,  (mn), (1.10)

k=0

where

27,
ﬂ}(ﬁ”[f] :_7;1- \_4 -f(um—l-j) Ti(um—l.k) (k:O’ L m)’

j=0

belongs to the class & ,(£2},). Here the symbol > " denotes the sum with the
first and the last terms halved. The symbol }_* is equivalent to the symbol
3" if m=n, or to the symbol >’ if m > n.

For m > n the polynomials 7™ f and J{™ f are the least-squares approx-
imations to f on the point sets 2‘, and Q% respectively. For m = n formulas
(1.9) and (1.10) define operators

L=1, =" (1.11)

such that polynomials I,/ and J,f interpolate to f at the points ¢, ;
¢=12..,n+1)and u,_, , (k=0,1,..,n), respectively. Norms of I, and
J, are given explicitly by (see {6, 7,9])

A 2k—Dr 1 et k- 1)=n

Ill=—— N\ csc = \" tan
14,1 n+1 = 2n+2 n+1 = 4n+ 4

, (1.12)

l|‘]n”:||1n-l“ (n=1,3,.),
= HIn—l” — &, (n = 2’ 4!'“),

where 0 < ¢, < (1/n) tan(n/4n).

Some values of |[I{™|| and ||J{™| are tabulated in Tables I and II (see also
Table 1 in [1]). We see that in practice the polynomials I{™ fand J™ f can
serve as near-best minimax approximations to f. However, more careful
examination leads to the discovery that

1™

'|I£1n+[n/2])|| (n = 1, 2,...),
170>

|>
| > (lTE 0 (n=3,4,.)

for all m > n.
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TABLE 1

Values of |1

m-—n 1 2 3 4 5 10 15 20
0 1.414 1.667 1.848 1.989 2.104 2.489 2,728 2.901
1 1.488 1.590 1.722 1.876 1.951 2.303 2,519 2.684
2 1.424 1.717 1.748 1.808 1.887 2.219 2433 2.591
3 1.431 1.626 1.869 1.859 1.919 2.229 2,391 2.536
4 1.449 1.638 1.772 1.982 1.951 2.169 2,372 2.511
5 1.432 1.643 1.756 1.880 2.072 2.121 2.359 2.483
6 1.434 1.633 1.780 1.856 1.968 2.175 2.329 2.485
7 1.442 1.660 1.784 1.872 1.950 2.195 2.266 2.466
8 1.434 1.637 1.768 1.887 1.933 2.212 2.303 2.444
9 1.435 1.641 1.773 1.890 1.951 2.245 2.332 2410

10 1.439 1.642 1.800 1.878 1.972 2.363 2.353 2.367
11 1.435 1.639 1.776 1.867 1.975 2.254 2.346 2.424
12 1.435 1.650 1.772 1.877 1.958 2.230 2.370 2.445
13 1.438 1.640 1.779 1.905 1.948 2.218 2.387 2.465
14 1.435 1.642 1.780 1.879 1.954 2.209 2.421 2.464
15 1.435 1.642 1.774 1.873 1.961 2.187 2,538 2.460
20 1.436 1.642 1.779 1.875 1.958 2.247 2.376 2.664
30 1.436 1.642 1.778 1.880 1.957 2.229 2.412 2.450
Let us denote
L,=1p+mm, (1.13)
M, =J@*h, (1.14)

Our objective here is to study these operators. The obtained results—bounds
for the norms || L,|| and ||M,| (see Sections 2 and 3) and their numerical
values for n=1,2,.., 20, 50,
projections may be of some interest.

It follows from the results of Cheney [3] that any projection P from the
set & (2}, n/2)) can be represented in the form

where Q is such that

P=L,+0Q,

In/2}

of= Y a5 u,
k=1

100 (see Table III)—show that these
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TABLE 1I

Values of |J\™|
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m—n 1 2 3 4 5 10 15 20
0 1.000 1.250 1.667 1.799 1.989 2.421 2.687 2.869
1 1.500 1.667 1.830 1.989 2.094 2.489 2.726 2.901
2 1.333 1.707 1.847 1911 2.024 2.191 2.407 2.573
3 1.457 1.494 1.833 1.942 2.023 2.260 2.366 2.471
4 1.447 1.667 1.601 1.924 2.024 2.235 2.415 2.487
5 1.411 1.656 1.799 1.681 1.994 2.286 2.437 2.525
6 1.443 1.648 1.80!1 1.894 1.745 2.267 2.443 2.544
7 1.440 1.654 1.784 1.903 1.969 2.288 2.450 2.549
8 1.425 1.606 1.779 1.893 1.985 2.274 2.416 2.561
9 1.439 1.650 1.790 1.880 1.982 2.258 2.410 2.564

10 1.438 1.646 1.789 1.875 1.981 2.214 2.445 2.551
11 1.430 1.645 1.735 1.886 1.955 1.984 2.432 2.519
12 1.438 1.647 1.785 1.891 1.951 2.199 2.429 2.557
13 1.437 1.626 1.785 1.888 1.971 2.232 2.416 2.558
14 1.432 [.646 1.780 1.831 1.972 2.242 2.393 2.544
15 1.437 1.644 1.779 1.885 1.973 2.248 2.343 2.550
16 1.437 1.644 1.783 1.887 1.967 2.240 2.153 2.538
17 1.433 1.645 1.782 1.884 1.908 2.245 2.333 2.529
18 1.437 1.633 1.759 1.879 1.964 2.232 2.373 2.514
19 1.437 1.644 1.781 1.878 1.968 2.240 2.390 2.487
20 1.434 1.643 1.782 1.883 1.968 2.228 2.397 2.435
21 1.437 1.643 1.779 1.885 1.967 2.196 2.399 2.276
22 1.437 1.644 1.779 1.883 1.959 2.194 2.405 2.427
23 1.434 1.636 1.781 1.859 1.958 2.222 2.403 2.471
24 1.436 1.644 1.781 1.882 1.965 2.231 2.393 2.492
25 1.436 1.643 1.768 1.883 1.966 2.227 2.404 2.503
30 1.436 1.643 1.780 1.883 1.965 2.229 2.376 2.518

for appropriate u,, Uy,..., Uy, € I,. Similarly, if R belongs to the class

“ (2%, ) then we have

where S is such that

R=M,+S8,

n+1

Sf= Y B
k=1

for some v, v,,...,v,,, €1I,.

[f1vs
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TABLE 111

n IS, 17, 1, 1L M,
1 1.436 [.414 1.000 1.414 1.333
2 1.642 1.667 1.250 1.590 1.494
3 1.778 1.848 1.667 1.722 1.601
4 1.880 1.989 1.799 1.808 1.681
5 1.961 2.104 1.989 1.887 1.745
6 2.029 2.202 2.082 1.944 1.798
7 2.087 2.287 2.202 2.000 1.843
8 2.138 2.362 2.275 2.043 1.893
9 2.183 2.429 2.362 2.086 1.939
10 2.223 2.489 2421 2.121 1.984
11 2.260 2.545 2.489 2,156 2.022
12 2.294 2.596 2.539 2.185 2.059
13 2.325 2.643 2.596 2.215 2.092
14 2.354 2.687 2.639 2.240 2.124
15 2.381 2.728 2.687 2.266 2.153
16 2.406 2.766 2.725 2.287 2.181
17 2.430 2.803 2.766 2.310 2.206
18 2.453 2.837 2.800 2.329 2.231
19 2.474 2.870 2.837 2.350 2.254
20 2.494 2.901 2.868 2.367 2.276
50 2.860 3.466 3.453 2.699 2.677
100 3.139 3.901 3.894 2.952 2.985

Now, the problem is to select the polynomials u,, u,..., Uz (U)s Ugseees
U, .1, Tespectively) in such a way that the norm of P (R, respectively) is as
small as possible. The techniques discussed in [2] and [4] appear to be
applicable. However, we do not discuss this problem here.

2. THE OPERATOR L,

The operator L, defined by (1.13) has, in view of (1.9), the form

(L.S)(x)=

2 N

N+1

h

—

k=0

(

N+
N

J=

1

Sy, 1.7) T\ (ty, 1._/)) T, {x),

(2.1)

where N=n+ [n/2], ty,,,=cos((j—1)/2N +2))m (j=1,2,.,N+ 1)
The Lebesgue function of this operator can be written in a variety of ways,

for example,
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) N+1 1,
4 (x) =m .f\: 1;‘0 Ty (th v ) Tilx)
2 N+ n‘
= N1 N cos kB, cos ki ’
N+1 = | i ’
_ ! N\t] D,(t—8)+D,(t+6)] 2.2)
SN+ e '

Here 6,= (2 — 1)/(2N + 2)) 7 (j =1, 2,..., N + 1), cos 1 = x, and

", sin(n+ 1/2)u
_ N\ - S et it 2.3
D, (u) hy cos ku Y sin )2 (2.3)
We prove the following
THEOREM 2.1. Operator L, satisfies the inequalities
Vu ML TS - Iy (2.4)

where N =n + [n/2],

1 9 ltntli(=nm/2 6k —2(—1)"—3
w= =3 Lol = 1 ——— t
Y 2\/§ 173542l = 124l P = an 12(N + 1) s

(2.5)

and 1,1, ., are the interpolation operators defined as in (1.11), S, is the
Fourier—Chebyshev operator given by (1.2).

Proof. First we prove the left inequality of (2.4). Obviously
Ll =114 [l 2 4, (D).
We show that

A, (D=7, (26)

v, being defined in (2.5). From (2.2) one obtains

N+l N+1

. 3 1y
1 = = —_—— i JE—
AN =577 ,;:l D0 = ,;S:, St (”+ 2) O

//sin ‘% 61( .

2.7)
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If n is odd, n=2p + 1, then we have
l i (2%k—1 1 1
A, (1)= P2 A sm( ”+F9k) /sm?()k.
Using first the identity
sin <a+ ; n)zsin(a+7z/3) (k=31-2), (2.8)
=_—sina k=31-1),
= sin{a — 71/3) (k=13I),
and then the identity
cos 8 1
S —— -0 , 2.
p— 2\/3 [tan(z/3 — 8) + tan(n/3 + )] (2.9)
we obtain
( 1 s 1 L,
A =—r——1{>) [|tan—(n+6,,_ +tan——< - _)
D=5 | X [l g ) dtan g (0
1 1
+tan?(7t—03k_,)+tanF(7z+83k,)]
+{’[tn1< 19>ta1( 0)%
an— (71— — —tan — (7 —
1:1 2 3 3k 6 3k
1 e 2k—1 R 2k—1
=—— ! ) tan——n— tan ——————m
2/33p+2) i 40p+6)" = 4G3p+2)
i 6k — 1
-2y tan———ns
=1 1208p+2)
1 2 2, 6k — 1
- I — I — S —_—
e 30y sl = syl = gy X 10 7
:y2p+l
(cf. (1.12) and (2.5)).
If n is even, n = 2p, from (2.7) follows the equation
-1 1 1
2k n_—Hk) /sin;()k,

3Ip+1

1
A4, ()= D
(1) Tl =

Sin ( 6
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which, together with identities (2.8) and (2.9), implies

"P“ 2k —1 AR 2k —1

A, (1 an—————71— > tan———m—7
(1) = 2\f(3 Y 3 IO AR TP
L 6k —5
2% tan—m
= 12(3p+1)”§
PR AR 6k—5

I I ——— > _

3 gpi2ll = M5l Pl A~ tan 20p ¢ 1)72

"2 f g
::y2p'
Formula (2.6) is proved to be true
The proof of the right inequality of (2.4) is very simple. It can be easily
seen that
I(m) S I

(cf. (1.9), (1.11) and (1.2)). In particular,
L,=I"=8,1,.

Thus [[L, || < IS, [ - 17l B
From the results of numerical calculations, reported in Table 111, one can

conjecture that
LNl = Vns

being defined by (2.5).

3. THE OPERATOR M,

The operator M, defined by (1.14) has the values given by
n 2n+1
0 =gy X X ) T T30

(cf. (1.10)), where u,, , = cos((kn/(2n+ 1)) (k=0, 1,..,2n+ 1)
Some of the alternative forms of the Lebesgue function of M, are

3.1)

n

ZI Ty (U, ;) Tilx)

2n+1

:VW "

A -
w0 =5 2| &
2 2n+1 n
il & | & coskBJcos ‘

640/34/3-4
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1 2n+1
AN/

j=o

, 1
sm<n+7)t
co +1 t
SR+ —
(+3)
1
TA4Qn+ 1)

t \",, cos 0,
S‘"? —o |cost—cos 8,
Jj=0 2j

2n+ 1

n

t cos 6,
cos — N’

2 o lcost+ cos 0,/

. 1
— |t
sin <n+ 2)

1
+cot7(t——92k)

+

|tan—(tﬁ 010)
o

1
+tan—(t+92k)+cot (t+92k)|+ cos (n+ 2) *
" A 1
X N tan—[(ezul_t)
k=0

1 1
+C°t‘4—(‘92k+| t)+tan (02k+l+t)+00t 2 (O s 1 +t)H

(3.2)
Here 6, =jn/(2n + 1), cost = x, D, is defined by (2.3), and the symbol ST

denotes the sum with the lasi term halved.
We prove the following theorem.

THEOREM 3.1. Operator M, satisfies
| Low IV2 = 0, UM (L V2 + [ Ball2 (33)
where
forn=1,

5 = ! sec
"3y2 12
(n-1)/2 _
1 V2 [1 n Ly 4k — 1 ]

= —sec + sec n
il T 2nr1 | 2% 8mrad T = FCenta
forn=3,5,..,
n/2 .
V2 G Ak forn=2,4,. (3.4)

T 2n+ 1 o see 8n+ 4
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Proof. We begin with the proof of the left inequality of (3.3). We show
that

“14”1”/\/5— 3, =4, (0) for n even,
= A, (cos 7,) for n odd,

where 7, =7/2 —n/(2n + 1).
If n is even, it follows from (3.2) (the last but one form) that

2 n
N cos 0)/|cos 8,

A z"l,,(o) = 2n

J
n/s 1
= ;1-{—2 N [cosTHZj/cos 6,

j=1

1
—cos — (m—6,;_,)/cos(nm—8,;_ l)] g .
Using the identity

cosa _ ! (v —7r——a)+csc(£+a)J
cosZa_z\/E (4 4 ’

we obtain

AM,,(O) =

Zntl 27— 1 'l/‘2 4j — 1

3‘_ sc—J——n—Z‘\_cscz—niJ————n
f(2n+1) - 42n+1) = 42n+ 1)
_ ! V2 U 4]

Ly — 001D
\/5“ 4n+l” 2n+1 I‘:'l sec 4(2n+ 1)7[

If n is odd then using the last but one expression of (3.2) for the Lebesgue
function 4,, we obtain

2 (n\l)/z {1
A e . - N —
M"(cos T,) T sin(2n — 1) l k:(ﬁn/z)
cos 8, sin(1/2) 7,

cos 260, —cos 1,
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(n+1)/2 n
cos(2n—1)——) -y )

0 k=(n+3)/2

cos 6, cos(1/2) 7,
cos 26, + cos 7,

Making use of the identity

4 sin a cos f

mz csc(a — f) + csc(a + ),

we have
1 (n%l)/Z \n
A (cosr)=——-————§( V- N )
YT V2en+ )N S i on

1 1
X [csc (Tr"—9k> + ¢sc <—2—-T,, +6k>]
{(n+1)/2 n n 1
‘«I _ \‘ AR _
+( > k) )[csc(2 5 T Hk)

k=0 k=(n+3)/2

n 1
+ CscC (7—7Tn+0k)]$'

For n =1 the above formula implies

1 - k—l Sn

A = N -2 =

wm,(COS 7)) 6\/5 32 = ose — )

7Z
H Ll —
For n > 1 we have
A ¢ ) 1 it 2k —1
cos7T, ) =—F——— ) SC—————
T2+ ) U i 4@t )
4‘";5’/,2 2n + 4k + 1 csc tnt 1 ng
- CSC ——— T — —
= At D a2+ 1)
B 1 RN 2k — 1 1

= ——=—— » (8¢ n—
\/5(4)1 +2) K= 2(4n +2) 2n+1

V2 [P sk e T
T 2n+ 1 [ = a2 814

1
:7§l‘14n+!“_6n
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It remains to prove the right inequality of (3.3). From the last form of the
Lebesgue function A4,, given in (3.2} it follows that

1

Ay (cos 1) < oty (0K ),

42n+1)
where
1 n 1 2kn
t)= |si —)er N — (¢
o(t) sm<n+2> = tan4<+2n+1)‘
+ | CO, +1 14 i'l t ! t+2k+1

s {n+— an — ).
< 2) k:3n~l 4( 2n+1 )

It is easily verified that ¢ is a periodic function with the period 7/(2n + 1).

Thus we have
1

A <—F .
” M,,”oo = 4(2n + l) 0<t$2§n+l) ¢(t)
For ¢ € [0, z/(2n + 1)} the function ¢(¢) takes the form

4(¢) = sin (n +%>t

(3.5)

tnlt
a*_
4

+ % [tanL< 2k —t)than1 2z +¢
= 4 \2n+1 4<2n+1 )]

1
+tan7(27[-t)

1
+ -t
cos(n+2)
X”{i' tanl 2k—1 AU 1 /2k—1
= 4<2n+1” )+an4<2n+1”+t”

2n+1
=sinn+1) 3 X an g (5705
k=1

\ i L (1 L
2 (2n+1”+2 ”

. n 1

in | (2 Nf—obns
s [(’” )(2(2n+1) 2)’]
XZ":‘ . 1 jk~1 1 P

Pt [anZ (7+1n+7[2n+1-'])
+tani i —1 m

2 <2n+1 7[2n+1”’])]

v (39) v [z [mm])
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where

A ! L/ kn 1/ k-1
=sin(2n + 1 Nt ——(———~ ) t —(———
w(u) 2n+1u = [an2 T X Jram2 2n+ln+u

n
Ou ———|.
( u 2(2n+1))

McCabe and Phillips |{7]| have shown that w is monotonically increasing on
[0, 7/2(2n + 1)]. Thus

Vi A
<
L N OAN (4(2n n 1)) TV (2(2n n 1))

1 ‘"\tzt 2k —1 N 2"\t't 2k — 1
an————n ) an—————7
V2 i 8(2n + 1) P 42n + 1)

=221+ Dl Ly [V 2 + 1 13-

Hence, in view of (3.5), follows the right inequality of (3.3). |

Results of numerical calculations, reported in Table III, allow us to
conjecture that

M)l =4, ()=30+|L,[) (1=12..7)
:||14n+l||/\/§‘5n (ﬂ=8, 9"")5
é, being given by (3.4).
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